Abstract. We consider the two-dimensional Ising model with long-range pair interactions of the form Jxy ∼ |x − y| −α with α > 2, mostly when Jxy ≥ 0. We show that Dobrushin states (i.e. extremal non-translation-invariant Gibbs states selected by mixed ±-boundary conditions) do not exist. We discuss possible extensions of this result in the direction of the Aizenman-Higuchi theorem, or concerning fluctuations of interfaces. We also mention the existence of rigid interfaces in two long-range anisotropic contexts.
framework, it could be shown, according to Dobrushin-Shlosman (see e.g. the review [9] ) that all the Gibbs measures are translation-invariant, in particular Dobrushin states do not exist. The novelty of our result thus concerns the regime 2 < α ≤ 3. Let us mention that the Dobrushin-Shlosman analysis has been extended to finite-range Kac potentials at low temperature, with small enough Kac parameter [27] . However, in the Kac limit, α = 4 represents in some sense a critical value, because a second-moment condition on the interactions stops applying: the magnetisation of ferromagnetic vector models becomes non-zero [25] , and there can occur oscillatory phases if the long-range part of the interaction is repulsive (anti-ferromagnetic). For an example of this, see e.g. [30] . Another example of problematic Kac limits can be found in [18] .
We next prove that in some long-range anisotropic cases Dobrushin states do exist, see Theorem 2. Indeed, it is fairly easy to see that interface states do exist in a two-dimensional model with n.n. pair interactions in one direction and Dyson-like (i.e. one-dimensional polynomially decaying) long-range interactions in the other direction. In this case, the elegant proof of van Beijeren [2, 4] applies; it makes use of a duplicate set of variables due to Percus and the existence of a lower-dimensional spontaneous magnetization. Moreover, this phenomenon also occurs for bi-axial models, where along the horizontal or the vertical axis (or both), interactions are decaying slowly enough.
The note is organized as follows, in Section 2 we give the precise definitions of the models. The main results and an outline of the proofs are given in Section 3. The following Section 4 and 5 are dedicated to the proofs of Theorem 1 and Theorem 2 respectively.
Definition of the models
All our results concern pair potentials with ferromagnetic interactions for Ising models, where the configuration space is Ω = {−1, +1} Z 2 , and coupling constants J xy x,y∈Z 2 satisfying the standard summability condition
We focus on ferromagnetic coupling, i.e. such that J xy ≥ 0 for all x, y ∈ Z 2 . Note that when J xy ∼ |x − y| −α , then α > 2 ensures (2.1). The importance of the ferromagnetic character of the models for our results and arguments actually depends on α (it is in particular relevant for α ∈ (2, 3)).
More precisely, we define the Hamiltonian H Λ in a finite-volume Λ ⋐ Z 2 with boundary condition (b.c.) ω ∈ Ω as
The associated finite-volume Gibbs measure in Λ ⋐ Z 2 at inverse temperature β > 0, with boundary condition ω ∈ Ω is given by
where Z ω Λ is the partition function
We call an infinite-volume Gibbs state (or measure) at inverse temperature β > 0 any probability measure µ on {−1, +1} Z 2 which satisfies the Dobrushin-Lanford-Ruelle equations:
We call G(β) the set of Gibbs states at inverse temperature β > 0. And we say that the model undergoes a phase transition if |G(β)| > 1. It is known that phase transitions hold at low temperature β > β c (α), with β c (α) ∈ (0, ∞) for α > 2. This can be seen in various ways, either by using Griffiths inequalities [22] in the ferromagnetic case for any α > 2, or by analytic techniques [21] or by an extension of the Peierls argument [20] for α > 3, or by reflection-positivity [12] for α ∈ (2, 4).
It is standard (see [11, 19] ) that G(β) is a convex set (actually a Choquet simplex) and that weak limits of finite-volume Gibbs measures belong to G(β). More precisely, for a sequence (Λ n ) n≥1 of finite sets in Z 2 , we write Λ n ↑ Z 2 if for every x ∈ Z 2 , there exists n x ≥ 1, such that x ∈ Λ n for every n ≥ n x . We say that lim Λn↑Z 2 µ ωn Λn = µ if for any local function f : Ω → R (i.e. which depends on a finite number of spins),
where · ω Λn denotes the expectation w.r.t. µ ω Λn and · ω the expectation w.r.t. µ. Let F be the sigma-algebra over Ω generated by the cylinder sets, and let M(Ω, F) be the set of all probability measures on (Ω, F). It holds that
the question whether equality of the two sets holds is discussed in [6] .
A Gibbs state µ ∈ G(β) is said to be translation invariant if for any local function f : Ω → R, and any translation θ :
When ω ≡ +1 (resp. ω ≡ −1) we write µ + Λ (resp. µ − Λ ), and the corresponding pure phase µ + (resp. µ − ). We use the subscript L, and write µ ω L , resp. · ω L , for the finite-volume measures and expectations on square boxes Λ = Λ L = ([−L, +L] ∩ Z) 2 . Sometimes it is useful to also consider rectangular boxes Λ L,M , of width L and height M , centered at the origin. In this case we write µ ω L,M , resp. · ω L,M . We write ω = (±, h) for the so-called Dobrushin b.c. centered at height h ∈ Z:
Any (sub-sequential) weak limit of sequences (µ 
where |x − y| = |x 1 − y 1 | 2 + |x 2 − y 2 | 2 . We call Model I.1 the case α > 3 and Model I.2 the case 2 < α ≤ 3.
2.1.2.
Model II -anisotropic long-range/n.n. Ising models. Consider a mixed long-range and n.n. translation-invariant interaction whose interactions are n.n. vertically and 'Dysonlike' horizontally, i.e. of the form J xy = 1 if x 1 = y 1 and y 2 = x 2 ± 1,
2.1.3. Model III -bi-axial, possibly anisotropic, long-range Ising models. Consider 'Dysonlike' long-range interactions in both horizontal and vertical directions with possibly different decays α 1 , α 2 > 1 and α 1 ∈ (1, 2):
Main results
Let us state our main results and discuss the ideas of the proofs. Our approach to prove Theorem 1 distinguishes between a n.n.-like picture for α > 3, and a more long-range one in the case 2 < α ≤ 3. In the first case, our work is in accordance with the previous analyses contained in works of Ginibre et al. [21] , Gertzik [20] , Dobrushin-Shlosman [9] or Bricmont-Lebowitz-Pfister [3] . In the second case, we use arguments close to those mainly introduced by Fröhlich-Pfister for continuous spin systems [13, 14] , also described in the review of Dobrushin-Shlosman [9] . Theorem 2(1) can be proved using van Beijeren's original proof [2] , while point (2) is a particular case of the models treated in the Appendix B of [4] ; their arguments imply the existence of Dobrushin states states either in one or two directions, depending on whether one or two of the decay rates α 1 , α 2 is between 1 and 2. These results can be extended to long-range models, as long as some symmetries are kept, see Section 5.
Proof of Theorem 1: Absence of Dobrushin states in the isotropic case
We consider the Model I, defined in 2.1.1, in the phase transition region (i.e. at inverse temperature β > β c (α, d = 2)).
The main observation we use is that the difference between two Dobrushin b.c. located at different horizontal heights is obtained by flipping all spins in two half-lines. If the maximal energy between a half-line left of the origin and a half-plane right of the origin, to which it is perpendicular, is uniformly bounded, the arguments of [3] apply and we can conclude that there is no pure interface Gibbs state. We remark as an aside that this argument does not need the ferromagnetic character of the model. 4.1.1. Energy difference in a finite box with Dobrushin boundary conditions. In the box Λ = Λ L , we write
We have
Thus,
so by writing x = (i x , j x ), y = (i y , j y ), and using the explicit expression (2.9) of J xy we get
with possibly different constants C from line to line. Now provided α > 3 we have
and analogously
It follows that |H ±,0 13) which is uniformly bounded. Notice, as indicated before, that the estimates here do not depend on the sign of the interactions. Thus they also work for decaying interactions of any sign.
For slower decays 2 < α ≤ 3, which will be studied in Section 4.2 , this estimate becomes unbounded as L grows. It is moreover sharp in the sense that the energy difference between a plus configuration and a minus configuration on the half-line {x < 0, y = 0} interacting with the plus configuration on the half-plane {x ≥ 0} indeed is infinite.
Absence of Dobrushin States.
Once we have the energy estimate (4.13), the proof goes as in [3] : finite energy difference implies that the states obtained as a weak limit with (±, 0) and (±,
The case of fast decays α > 3 falls within the framework of the Gertzik-Pirogov-Sinai theory. Indeed, those models satisfy a Peierls condition at low enough temperature as shown in [20] . In such a framework, all the Gibbs measures should be translation-invariant, as claimed and described in the review [9] . From this, coupled with the fact recently extended to more general contexts by Raoufi [31] that the µ + and µ − states are the only translation-invariant extremal states, one gets also the convex decompositions in terms of these pure states. For example,
Model I.2 : Slow decays, 2 < α ≤ 3.
In this case, although the maximal interaction energy between a half-line left of the origin and a half-plane right of it is infinite, we show that the expected interaction energy in a state with Dobrushin boundary conditions still remains finite. We use here both the "antisymmetry" between upper and lower parts of the box and the ferromagnetic character of the interaction. Indeed, the argument breaks down if the interaction has for example alternating signs in the vertical direction.
Energy Difference between the Dobrushin ground-state and the Dobrushin ground state flipped on a half-line.
Split the lattice Z 2 into
We define σ GS to be the ground state of the (±, 0) Dobrushin boundary condition, that is the configuration consisting of +1 in A + ∪ A 0 and −1 in A − . We call σ GS,step the configuration σ GS which is flipped on the half line A 0 , that is consisting in +1 in A + and −1 in A 0 ∪ A − . Then −H(σ GS ) = 1 2
x,y∈A + writing as before x = (i x , j x ), y = (i y , j y ), the energy difference is equal to
By symmetry of the couplings J xy , the first and third term cancel each other out. Thus, provided α > 2,
In words, the argument uses the fact that the interaction of the negative half-line {i < 0, j = 0} and the positive half-line {i ≥ 0, j = 0} is finite, while the interaction of the half-line with any plus spin above the line is canceled by the interaction with the reflected minus spin below the line.
Positive Temperatures : Absence of Dobrushin states.
A similar argument will still hold for expected energy differences at positive temperatures. Indeed, the interaction energy of a spin at distance ℓ from a half-plane, interacting with it, is maximally O(ℓ 2−α ), but its expectation in the Gibbs state with Dobrushin b.c. at more or less the same height is O(ℓ 1−α ). Summing over the line just above the Dobrushin interface at level 1/2 gives that the total expected energy cost of shifting is uniformly bounded, thus the relative entropy between the two Dobrushin states is finite, and thus again, they are the same once they are extremal [3] . We use here a general strategy of Pfister, inspired by previous work of Araki, more precisely formalised in [14] that yields estimates and results at any positive temperature.
More precisely, let us compute the relative entropy between measures with Dobrushin b.c. (±, 0) and (±, 1), which is the expectation of the energy difference computed in one of the states, see e.g. [13] . It is thus given by
where We bound
where (4.17) comes from the anti-symmetry property (4.16), and (4.18) is valid for ℓ large enough (vertically symmetric spins are almost at the same distance to y when ℓ is large, so the last term is integrable in j x and only two integrations are left).
Hence the relative entropy remains uniformly bounded as L grows to infinity for any α > 2 and any β < ∞. This implies the absolute continuity of the weak limits got by these b.c.'s so eventually translation-invariance of any extremal measures obtained in this manner, and in particular the absence of any Dobrushin states : the weak limits we consider cannot be both extremal and non-translation-invariant.
About Translation-Invariance.
Concerning translation-invariance itself, as our models do not fall anymore within the range of decays satisfying the Gertzik-Pirogov-Sinai condition, we cannot use low temperature Dobrushin-Shlosman results.
To conclude that the measures resulting from convex decompositions of extremal states are translation-invariant requires to exclude possibly other non-translation-invariant extremal states. However, we believe that our energy estimate, or a variation thereof, will provide translation-invariant measures in the thermodynamic limit for all boundary conditions having a finite number of sign changes. Note that rigid diagonal interfaces are expected to exist for nearest-neighbour models in dimension four [29] . To exclude other extremal non-translation-invariant states, we suspect that we need extra arguments which in the nearest-neighbour case were provided by Aizenman [1] or Higuchi [24] after percolation results of Russo [32] and techniques based on correlation inequalities developed in the seventies (see [17, 28, 29, 26, 23] and references therein). To get the full convex picture in the long-range case in dimension two, we probably need to investigate the validity of Russo's results (which roughly reduces the problem of excluding non-translation-invariance along axes) and afterwards the validity of its extension by Higuchi [24] , which probably requires new ideas.
Proof of Theorem 2: Dobrushin states for anisotropic models
Our rigidity results for anisotropic two-dimensional long-range models will be applications of the results of Bricmont et al. [4] , so we give it here and sketch the ingredients of the proof (which is an extension of van Beijeren's one [2] ).
Consider the general Ising model with coupling constants J xy x,y∈Z d being 
Then one uses a clever change of variables, originally due to Percus, which allows to involve notably the differences t x = σ x − σ ′ x (with x ∈ Λ 0 ), and express the sum of the two Hamiltonians H(σ) + H ′ (σ ′ ) as a ferromagnetic Hamiltonian in the new variables. As a consequence, GKS correlation inequalities apply, and we get the following result (cf. Appendix B of [4] ):
The expectation of the t x variables is taken under the measure associated to the sum of the two Hamiltonians, while the expectation of σ ′ x is performed under the (d − 1)-dimensional Gibbs states with + b.c. at the same temperature. Thus, as soon as spontaneous magnetization occurs for the latter, this implies a strictly positive magnetization of σ x and thus the existence of a non-translation-invariant Gibbs state in dimension d. Notice that this lower-dimensional phase transition condition is not fulfilled in the isotropic long-range models treated above, because their well-definedness requires α > 2, for which there is no phase transition in dimension one. To get such a phase transition and positive magnetization, one has to consider very long ranges in dimension one with decays 1 < α 1 ≤ 2. This has motivated the introduction of our anisotropic Models II and III, for which this lower-dimensional spontaneous magnetization holds at low temperature.
Conclusion
We have given some conditions under which two-dimensional interface Gibbs states exist, and also some conditions under which a plausible recipe of making them does not work. This falls short of the statement, which is known for nearest-neigbour models, that all Gibbs states for the Ising model are translation-invariant.
Also, for nearest-neighbour models it is known how big the interface fluctuations are, that the existence of a phase transition is equivalent to the existence of a positive surface tension, and that the existence of interface states is equivalent to the positivity of a step free energy. Which of these statements, possibly in a modified form, hold for long-range models is not clear to us at the moment.
What about the size of the interface fluctuations? Our results imply that the fluctuations of the interface cannot stay uniformly bounded. For α > 3, at very low temperature, it is to be expected that they show a diffusive behavior of order √ L, like other models in the Peierls regime. The situation for 2 < α ≤ 3 seems more delicate, as was suggested by Fröhlich and Zegarlinski [15] . The authors indeed predict a behavior of order O(L α−2
2 ) in a one-dimensional discrete Gaussian model with long-range interactions which seems to be a reasonable effective interface model in the low-temperature case. Their argument looks somewhat similar to an upper bound on correlations (which implies a lower bound on fluctuations) developed in [5, 10] , for long-range spin-glasses, respectively one-dimensional long-range spin models. However, whereas those papers provided a rigorous but non
